Then G is a disjoint union of these subsets. Note that the symmetric group S k acts on G by permuting k-tuples, the set of orbits under this action, O = O(N, k), consists of the subsets (1.1) defined above, and each orbit contains a unique representative in standard form
where the exponent indicates the number of repetitions of the base.
N , we will denote the orbit of x by [x] and the representative in standard form of this orbit will be denoted byx.
For orbits [a] , [b] and [c], we define the set:
This suggests that we could use these numbers as the structure constants of an algebra (depending on N and k and over any field of characteristic 0) with basis O, by defining a bilinear product as follows:
[a]
The following is a description of how to compute the product of two S k -orbits of Z 
We say that the equation z j =â + y j in the list (1.4) is redundant, if for some i < j and some σ ∈ S k we have σâ =â, σy j = y i and 
Remove all redundant equations from this list, and without loss of generality, assume that after removing all redundancies, we are left with the first s equations, for some s ≤ t. That is, the list:
has no redundancies. Then
Note that several z i 's could be in the same orbit, and for every [c] ∈ O, 
and for [a, 0] its corresponding orbit.
Proof. It is clear that M 
Particular case of the level increasing conjecture
Let λ = a 1 λ 1 + · · · + a N −1 λ N −1 a weight for A N −1 of level k, hence a 1 + · · · + a N −1 ≤ k, then obviously a 1 + · · · + a N −1 ≤ k + 1 and λ can also be considered as a weight of level k + 1. Notice that the corresponding orbit [λ] in Z k N associated to the weight λ is given by [λ] 
and if we see λ as a weight of level k + 1 then its corresponding orbit is 
[µ], [λ] and from Theorem 1.4 we get that M 
